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4-DIMENSIONAL ALMOST-KA¨HLER LIE ALGEBRAS OF
CONSTANT HERMITIAN HOLOMORPHIC SECTIONAL
CURVATURE ARE KA¨HLER
MEHDI LEJMI AND LUIGI VEZZONI
Abstract. We prove that any 4-dimensional almost-Ka¨hler Lie algebra of
constant Hermitian holomorphic sectional curvature with respect to the canon-
ical Hermitian connection is Ka¨hler.
1. Introduction
An almost-Hermitian manifold is an even dimensional smooth manifoldM equipped
with an almost complex structure J and a compatible Riemannian metric g. When
the induced 2-form ω(·, ·) = g(J ·, ·) is closed the quadruple (M,ω, J, g) is called
almost-Ka¨hler and when J is further integrable it is called Ka¨hler.
A well-known conjecture of Goldberg [9] states that compact almost-Ka¨hler Ein-
stein manifolds are neceserly Ka¨hler. The conjecture is still open, but some partial
results are known. Sekigawa [19] proved that the conjecture is true if the scalar cur-
vature is non-negative and other results have been proved under various conditions
specially in dimension 4 (see for instance [3, 4, 13]). Moreover, the conjecture is
false if the compact is dropped since Nurowski and Przanowski constructed in [12] a
non-compact example of almost-Ka¨hler non-Ka¨hler Ricci flat manifold which turns
out to be of pointwise positive constant holomorphic sectional curvature. Here we
recall that an almost-Ka¨hler manifold is of pointwise constant holomorphic sectional
curvature if, at any point of M , g(RgX,JXX, JX) is constant for any vector field
X of unit length with respect to g, where Rg denotes the Riemannian curvature
of the Levi-Civita connection of g. Also, Sato [16, 17, 18] studied 4-dimensional
almost-Ka¨hler manifolds of pointwise constant holomorphic sectional curvature. In
particular, he constructed a non-compact example of pointwise negative constant
holomorphic sectional curvature [18]. Furthermore, almost-Ka¨hler manifolds of
pointwise constant totally-real sectional curvature were examined [6, 7, 2]. In di-
mension 4, it turns out that such manifolds are self-dual and are conjectured to be
Ka¨hler in the compact case [2].
On an almost-Ka¨hler non-Ka¨hler manifold (M,ω, J, g) the Levi-Civita connec-
tion does not preserve the almost-complex structure and its role is usually replaced
by the canonical Hermitian connection [11, 8] which is the defined as the unique
connection ∇ preserving J and g and having J-anti-invariant torsion. Hence it is
natural to study the condition on a 4-dimensional almost-Ka¨hler manifold of having
pointwise constant holomorphic sectional with respect to the canonical Hermitian
connection instead of the Levi-Civita connection. We refer to these manifolds as of
pointwise constant Hermitian holomorphic sectional curvature.
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The study of such manifolds was initiated in [10] where it is proved that 4-
dimensional almost-Ka¨hler manifolds of pointwise constant Hermitian holomorphic
sectional curvature are self-dual and that in the compact case compact when the
sectional curvature is globally non-negative constant the manifold is Ka¨hler.
In analogy to the Riemannian case, it is rather natural to pursuit the study of
these manifolds in the non-compact case. In this note we study left-invariant almost-
Ka¨hler structures of having pointwise constant Hermitian holomorphic sectional
curvature on Lie groups.
Theorem 1.1. Any left-invariant almost-Ka¨hler structure of pointwise constant
Hermitian holomorphic sectional curvature on a 4-dimensional Lie group is Ka¨hler.
Since we assume the almost-Ka¨hler structure invariant, we can work on Lie
algebras in an algebraic fashion. In view of [10] we can restrict our attention to
4-dimensional Lie algebras with a self-dual metric. 4-dimensional Lie algebras with
a non-conformally flat self-dual metric are completely described in [5] and from
the classification it turns out that all the compatible almost-Ka¨hler structures are
Ka¨hler. For the conformally flat case we use a classification in [14] and we give a
description of all the conformally flat metrics in terms of the existence of a special
coframe. From our description and the classification of symplectic Lie algebras [15]
it follows every conformally flat almost-Ka¨hler Lie algebra of pointwise constant
Hermitian holomorphic sectional curvature is Ka¨hler.
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2. Preliminaries
On an almost-Ka¨hler manifold (M,ω, J, g) the canonical Hermitian connection
∇ is defined by the following formula [11, 8]
∇XY = D
g
XY −
1
2
J (DgXJ)Y,
where Dg is the Levi-Civita connection of the metric g. We denote by R∇ and
Rg the curvatures of ∇ and Dg, respectively. We adopt the convention R∇X,Y =
−[∇X ,∇Y ]+∇[X,Y ], where X,Y are vector fields onM and [·, ·] is the commutator.
The Hermitian homolomorphic sectional curvature H is defined by
H(X) :=
g(R∇X,JXX, JX)
g(X,X)g(X,X)
.
We say that the Hermitian holomorphic sectional curvature is pointwise constant
k if
g(R∇X,JXX, JX) = k,
at any point p ∈M and for any vector field X of unit length with respect to g.
3Now we focus on dimension 4. In this case the bundle of 2-forms Λ2M admits,
under the action of the (Riemannian) Hodge operator, the g-orthogonal splitting
Λ2M = Λ+M ⊕ Λ−M,
where Λ+M and Λ−M correspond to the bundles of self-dual and anti-self-dual
2-forms, respectively. The Riemannian curvature Rg, viewed as a symmetric linear
operator of 2-forms Ω2(M) = Ω+(M)⊕ Ω−(M), decomposes as
(1) Rg =
(
W+ + s
g
12 Id|Ω+(M) r˜0|Ω−(M)
r˜0|Ω+(M) W
− + s
g
12 Id|Ω−(M)
)
,
where W+ and W− are called the self-dual Weyl tensor and the anti-self-dual
Weyl tensor, respectively. Both W+ and W− are trace-free. Here sg denotes the
Riemannian scalar curvature and r˜0 is the Kulkarni–Nomizu extension of the trace-
free part r0 = r
g − s
g
4 g of the Riemannian Ricci tensor r
g . The manifold (M, g)
is said to be self-dual (anti-self-dual) if W− = 0 (W+ = 0). (M, g) is conformally
flat if W+ = W− = 0. The Riemannian curvature Rg can also be viewed as a
(4, 0)-tensor via the metric, as well as the Weyl tensor W =W+ +W−. Note also
the decomposition of W+ in the almost-Ka¨hler case (see [3] or [1] for more details)
(2) W+ =
(
‖NJ‖
2 + s
g
6 W
+
ω
W+ω W
+
00 −
1
2
(
‖NJ‖
2 + s
g
6
)
Id|ΩJ,−(M)
)
,
where ΩJ,−(M) are the J-anti-invariant 2-forms on M and NJ is the Nijenhuis
tensor of J. It turns out that if a 4-dimensional almost-Ka¨hler manifold (M,ω, J, g)
is of pointwise constant Hermitian holomorphic sectional curvature, then W− =
0 [10].
Theorem 2.1. [10] Let (M,ω, J, g) be an almost-Ka¨hler manifold of dimension
4. If M is of pointwise constant Hermitian holomoprhic sectional curvature then
(M, g) is self-dual.
Remark that the compactness assumption is not needed in the above Theorem.
Furthemore, M. Upmeier and the first named author [10] proved in the compact
case that if the sectional curvature is globally constant and if k is non-negative then
(M,ω, J, g) is Ka¨hler.
3. Lie algebras admitting non-conformally flat self-dual metrics
In this section we study 4-dimensional almost-Ka¨hler self-dual Lie algebras.
In [5], De Smedt and Salamon proved the a Lie algebra g of a 4-dimensional Lie
group admitting a non-conformally flat left-invariant metric g such that W+ = 0
has a coframe {e1, e2, e3, e4} satisfying the following structure equations
de1 = 0,
de2 = −e12 − λe13,
de3 = λe12 − e13,
de4 = −2e14 + e23,
for some λ ≥ 0, where e12 = e1 ∧ e2, etc. Furthermore, the metric g has the
(oriented) orthonormal basis { 1
k
e1, e2, e3, e4} for k = 1 or k = 2, where {ei} is
the dual basis of {ei}. We remark that all the Lie algebras of this kind are not
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unimodular and, consequently, their Lie groups do not admit compact quotients.
To get non-conformally left-invariant metrics such that W− = 0, we only have to
change the orientation and consider the opposite orientation given by the volume
form
(3) − |k|e1 ∧ e2 ∧ e3 ∧ e4.
Now, we will find the almost-Ka¨hler structures on g with g as a Riemannian met-
ric and compatible with the opposite orientation (3). A 2-form ω =
∑
1≤i<j≤4
αije
ij
on g is closed if
dω = α14
(
−e1 ∧ e23
)
+ α23
(
−e12 ∧ e3
)
+ α23
(
−e2 ∧−e13
)
+ α24
((
−e12 − λe13
)
∧ e4
)
+ α24
(
−e2 ∧ −2e14
)
+ α34
((
λe12 − e13
)
∧ e4
)
+ α34
(
−e3 ∧ −2e14
)
= e123(−α14 − 2α23) + e
124(−3α24 + λα34) + e
134(−λα24 − 3α34),
= 0.
We deduce that
−2α23 = α14, λα34 = 3α24, λα24 = −3α34.
We conclude that ω is closed if and only α34 = α24 = 0 and α14 = −2α23. Hence,
ω is closed and non-degenerate if it is of the form
ω = ae12 + be13 − 2ce14 + ce23
for some a, b, c ∈ R with c 6= 0. Now, one can easily check that ω is compatible with
the metric g if and only if a = b = 0, c2 = 1 and k2 = 4. As a result, we get the
following
Corollary 3.1. Any 4-dimensional almost-Ka¨hler Lie algebra with a self-dual non-
conformally flat metric is Ka¨hler.
Proof. From the above discussion, we obtain that, for such almost-Ka¨hler structures
(ω, J, g), the 2-form ω takes the following expression
ω = ∓2 e14 ± e23 .
It is also compatible with the opposite orientation (3). Moreover, since g is the
standard metric with respect to basis {ei}, the almost-complex structure J satisfies
Je1 = −2e4, Je2 = e3,
or
Je1 = 2e4, Je2 = −e3.
Then a direct computation of the Nijenhuis tensor yields that J is integrable and
that (ω, J, g) is a Ka¨hler structure, as required. 
54. Lie algebras with conformally flat left-invariant metrics
In this section we study conformally flat almost-Ka¨her structures on 4-dimensional
Lie algebras.
The spectrum of the Riemannian curvature operators on 4-dimensional Lie al-
gebras with a conformally flat metrics was studied in [14, Theorem 2]. It turns out
that there are only eight models of 4-dimensional Lie algebras admitting a confor-
mally flat metric. Moreover, by using the classification of 4-dimensional symplectic
Lie algebras in [15], we get that the only three conformally flat Lie algebras admit-
ting symplectic structures are the following
• the abelian Lie algebra;
• rr3,0 : [e1, e3] = −e2, [e2, e3] = e1;
• r′2 : [e1, e3] = e3, [e1, e4] = e4, [e2, e3] = e4, [e2, e4] = −e3.
The abelian Lie algebra and rr3,0 are unimodular and the spectrum of the Rie-
mannian curvature operator (1) of their conformally flat metrics is {0, 0, 0, 0, 0, 0}.
In particular in these algebras any conformally flat metric has vanishing scalar
curvature.
Proposition 4.1. Any conformally flat almost-Ka¨hler structure on rr3,0 is Ka¨hler.
Proof. Let (ω, J, g) be a confomally flat almost-Ka¨hler structure on rr3,0. From the
above discussion the Riemannian scalar curvature sg is vanishing. Now, from the
decomposition (2), we have
‖W+‖2 = 2‖W+ω ‖
2 + ‖W+00‖
2 +
3
2
(
‖NJ‖
2 +
sg
6
)2
.
Since g is conformally flat, ‖NJ‖
2 + s
g
6 = 0. So we deduce that s
g = ‖NJ‖
2 = 0
and that J is integrable. 
Now, we study the remaining Lie algebra r′2. This algebra is not unimodular and
from the spectrum of the Riemannian curvature operator we can deduce that every
conformally flat metric on r′2 has negative scalar curvature. In terms of 1-forms the
structure equations of r′2 take the following expression
de1 = 0,
de2 = 0,
de3 = −e13 + e24,
de4 = −e23 − e14,
where {ei} is a basis of (r′2)
∗.
We give a description of all the possible conformally flat metrics on r′2. Let g
be an arbitrary metric on r′2. By applying Gram–Schmidt algorithm we construct
from the basis {ei} a g-orthonormal basis {f i} of (r′2)
∗
such that
f1 = a1e
1,
f2 = a2f
1 + a3e
2,
f3 = a4f
1 + a5f
2 + a6e
3,
f4 = a7f
1 + a8f
2 + a9f
3 + a10e
4,
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for some ai ∈ R with a1, a3, a6, a10 > 0. By differentiating the coframe {f
i} we get
df1 = 0,
df2 = 0,
df3 = −a6e
13 + a6e
24
df4 = a9
(
−a6e
13 + a6e
24
)
− a10e
23 − a10e
14.
And so we deduce the following structure equations with respect to the coframe
{f i}:
df1 = 0,
df2 = 0,
df3 =
a1a2a6a8 + a1a6a7 + a10a3a5
a1a3a10
f12 +
a1a2a6a9 − a10a3
a1a3a10
f13 −
a6a2
a3a10
f14 −
a6a9
a3a10
f23 +
a6
a3a10
f24
df4 =
a1a2a
2
6a8a9 − a1a
2
10a2a5 + a1a
2
6a7a9 + a10a3a5a6a9 − a1a
2
10a4 + a10a3a6a8
a1a3a6a10
f12
+
a2a
2
6a
2
9 + a
2
10
a3a10a6
f13 −
a1a2a6a9 + a10a3
a1a3a10
f14 −
a26a
2
9 + a
2
10
a3a10a6
f23 +
a9a6
a3a10
f24.
We need to find all possible solutions for the vanishing of the Weyl tensor W =
W+ +W−. A direct computation gives
W (f1, f3, f2, f3) =
a2
(
(a29 − 1)a
2
6 + a
2
10
) (
(a29 + 1)a
2
6 + a
2
10
)
a1 − 2a10a3a
3
6a9
a1a
2
3a
2
10a
2
6
and so
W = 0 =⇒ a2
(
(a29 − 1)a
2
6 + a
2
10
) (
(a29 + 1)a
2
6 + a
2
10
)
a1 − 2a10a3a
3
6a9 = 0 .
Notice that since a1, a3, a6, a10 > 0, (a
2
9 + 1)a
2
6 + a
2
10 6= 0. Assume g conformally
flat (i.e W = 0). If we assume (a29 − 1)a
2
6 + a
2
10 6= 0, then we get
(4) a2 =
2a10a3a
3
6a9
((a29 − 1)a
2
6 + a
2
10) ((a
2
9 + 1)a
2
6 + a
2
10) a1
,
and we get assuming (4)
W (f1, f3, f2, f4) =
(
a26a
2
9 + a
2
10 − 2a10a6 + a
2
6
) (
a26a
2
9 + a
2
10 + 2a10a6 + a
2
6
)
−2a3a10(a26a
2
9 + a
2
10 − a
2
6)a6a1
= 0
Since a26a
2
9 + a
2
10 + 2a10a6 + a
2
6 6= 0 we deduce
a26a
2
9 + a
2
10 − 2a10a6 + a
2
6 = a
2
6a
2
9 + (a10 − a6)
2 = 0 .
Hence a10 = a6 and a9 = 0. This is in contradiction with our hypothesis (a
2
9 −
1)a26 + a
2
10 6= 0 and we conclude that (a
2
9 − 1)a
2
6 + a
2
10 = 0. Thus,
(5) a9 = ±
√
1−
a210
a26
.
We get assuming (5)
W (f1, f3, f2, f3) = ±
a6
√
1−
a2
10
a2
6
a1a3a10
= 0
We deduce that (recall that a6, a10 > 0)
(6) a10 = a6.
7We obtain assuming (5) and (6)
W (f1, f2, f2, f3) =
a1a2a5 + a1a4 − a3a8
−4a23a1
= 0.
Hence,
(7) a8 =
a1a2a5 + a1a4
a3
.
Assuming (5), (6) and (7), we get
W (f2, f4, f3, f4) =
a21a
2
2a5 + a
2
1a2a4 + a1a3a7 + a
2
3a5
−4a23a
2
1
= 0.
We deduce that
(8) a7 =
−a21a
2
2a5 − a
2
1a2a4 − a
2
3a5
a1a3
.
Under the conditions (5), (6), (7) and (8), one can verify that the Weyl tensor
vanishes and so we get
Proposition 4.2. Conformally flat metrics on r′2 are described by the orthonormal
basis {f i} of (r′2)
∗
f1 = a1e
1,
f2 = a2f
1 + a3e
2,
f3 = a4f
1 + a5f
2 + a6e
3,
f4 = a7f
1 + a8f
2 + a9f
3 + a10e
4.
(a1, a3, a6, a10 > 0) subject to the relations
i) a6 = a10,
ii) a9 = 0,
iii) a8 =
a1a2a5+a1a4
a3
,
iv) a7 =
−a21a
2
2a5−a
2
1a2a4−a
2
3a5
a1a3
.
Now, we consider a conformally flat almost-Ka¨hler structures (ω, J, g) on r′2. The
symplectic form can be written as
ω = b1f
12 + b2f
13 + b3f
14 + b4f
23 + b5f
24 + b6f
34,
where bi ∈ R and the basis {f
i} is a g-orthonormal basis of (r′2)
∗
as described in
Proposition 4.2. In order for ω to be closed it is easy to check that (keeping in
mind that a1, a3, a6 > 0)
i) b6 = 0,
ii) b5 :=
−a1a2a6b4−a1a6b2
a3a6
,
iii) b4 =
−a21a2b2+a1a3b3
a2
1
a2
2
+a2
3
.
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and the 2-form ω writes as
ω = b1f
12 + b2f
13 + b3f
14 −
a1(a1a2b2 − a3b3)
a21a
2
2 + a
2
3
f23 −
a1(a1a2b3 + a3b2)
a21a
2
2 + a
2
3
f24.
The matrix
J =


0 b1 b2 b3
−b1 0 −
a1(a1a2b2−a3b3)
a2
1
a2
2
+a2
3
−a1(a1a2b3+a3b2)
a2
1
a2
2
+a2
3
−b2
a1(a1a2b2−a3b3)
a2
1
a2
2
+a2
3
0 0
−b3
a1(a1a2b3+a3b2)
a2
1
a2
2
+a2
3
0 0


has to satisfy J2 = −Id, in order for (ω, J, g) to be an almost-Ka¨hler structure.
From J2 = −Id we see that b1b2 = b1b3 = 0. If we suppose that b1 6= 0 then
b2 = b3 = 0 but then ω ∧ ω = 0. Hence, we deduce that
(9) b1 = 0.
Assuming (9), we get, from J2 = −Id, that
b22 + b
2
3 = 1.
We also obtain
b2a1(a1a2b2 − a3b3)
a21a
2
2 + a
2
3
+
b3a1(a1a2b3 + a3b2)
a21a
2
2 + a
2
3
= 0.
It implies that a2a
2
1(b
2
2 + b
2
3) = a2a
2
1 = 0. We deduce that a2 = 0 and then we get
a3 = a1.
Proposition 4.3. Conformally flat almost-Ka¨hler structures (ω, J, g) on r′2 are
described by
g = f1 ⊗ f1 + f2 ⊗ f2 + f3 ⊗ f3 + f4 ⊗ f4,
ω = b2f
13 + b3f
14 −
a1(a1a2b2 − a3b3)
a21a
2
2 + a
2
3
f23 −
a1(a1a2b3 + a3b2)
a21a
2
2 + a
2
3
f24.
The {f i} are described in Proposition 4.2. The constants a1, a2, a3, a4, a5, a6, b2, b3
are subject to the relations
i) a3 = a1;
ii) b22 + b
2
3 = 1;
iii) a2 = 0.
All the conformally flat almost-Ka¨hler structures given in Proposition 4.3 are
non-Ka¨hler. Indeed if we compute the Nijenhuis tensor we get for instance
N(f1, f2) =
b22 + b
2
3
2a1
f2 =
1
2a1
f2 6= 0.
Now, we compute the holomorphic Hermitian sectional curvature of the unit vectors
fi of the conformally flat almost-Ka¨hler structures described in Proposition 4.3. We
get that
i) H(f1) =
−1
a2
1
9ii) H(f2) =
−1
2a2
1
iii) H(f3) = −
1+b22
2a2
1
iv) H(f4) = −
1+b23
2a2
1
We conclude that none of those almost-Ka¨hler structures is of pointwise constant
Hermitian holomorphic sectional curvature and we get the following
Proposition 4.4. The Lie algebra r′2 has no conformally flat almost-Ka¨hler struc-
tures of pointwise constant Hermitian holomorphic sectional curvature.
We can now prove our main result by combining all the previous results.
Proof of Theorem 1.1. Suppose that g is a 4-dimensional Lie algebra with an almost-
Ka¨hler structure (ω, J, g) of pointwise constant Hermitian holomorphic sectional
curvature. It follows from Theorem 2.1 that W− = 0. If the metric is not confor-
mally flat then it is given in [5] and it follows from Corollary 3.1 that it is Ka¨hler.
If it is conformally flat then it is described in [14, Theorem 2] and it follows from
Corollary 4.1 and Proposition 4.4 that it is Ka¨hler. 
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